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Onboard Generation of Three-Dimensional
Constrained Entry Trajectories

Zuojun Shen¤ and Ping Lu†

Iowa State University, Ames, Iowa 50011-2271

A methodology for very fast design of three-degree-of-freedom (3DOF) entry trajectories subject to all common
inequality and equality constraints is developed. The approach makes novel use of the quasi-equilibrium glide
phenomenon in lifting entry as a centerpiece for effective and ef� cient enforcement of the inequality constraints.
The highly constrained nonlinear trajectory planning problem is decomposed into two sequential one-parameter
search problems. The algorithm is able to generate a complete and feasible 3DOF entry trajectory of 25-min � ight
time in about 2–3 s on a desktop computer, given the entry conditions, values of constraint parameters, and � nal
conditions. High-� delity numerical simulations with a reusable launch vehicle model for various entry missions
and trajectory planningusing the space shuttle model are presented to demonstrate the capabilityand effectiveness
of the algorithm.

I. Introduction

E NTRY � ight is a critical phase of operation for any reusable
launch vehicle (RLV), crew return vehicle (CRV), or cargo

transfer vehicle (CTV). The entry guidance system determines
the necessary commands to control the trajectory during entry.
The benchmark in entry guidance is the space shuttle entry guid-
ancedesign.1 The shuttleentryguidanceconsistsof two parts:of� ine
planningof a referencedrag–accelerationpro� le and onboardtrack-
ing of the drag pro� le. The planning of the drag pro� le is based on
longitudinalconsiderations,the range requirementin particular,and
the need for satisfying inequality trajectory constraints. The mag-
nitude of bank angle is determined by tracking the drag pro� le,
whereas its sign is determined by a preselectedheading error corri-
dor criterion. For a given drag pro� le, this corridor can be chosen
so that the vehicle achieves a correct heading relative to the landing
site. To compensate for dispersions, the reference drag pro� le can
be adjusted in� ight according to the current condition to null range
errors. This adaptive capability is important to the range precision
of the shuttle-typeentry guidance methods.

Although the shuttle entry guidance is highly successful, the
search has been continued for entry guidance methods that enable
fully autonomous and adaptive entry guidance. A key requirement
for such a system is to not rely on a referencetrajectorygeneratedon
the ground.With regard to this requirement, the predictor–corrector
methods aim at iterativelydeterminingtrajectorycontrolsonline for
a trajectory leading from the current condition to the target condi-
tion. These types of methods have been examined in a number of
applications.2¡4 Because repeated integrations of the equations of
motion are involved, simple parameterization of the control histo-
ries is typically used for the problem to be solvable in an onboard
environment. Further development of this class of methods should
address the lack of effective mechanism to enforce strictly vari-
ous inequality trajectory constraints5 that are critically important in
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entry � ight. Seeking to maintain the strong attributes of the shuttle
entry guidance,Mease et al. proposea fast entry trajectory planning
method in which the reference trajectory is still based on the drag
pro� le.6 However, the design of the reference drag pro� le takes
into simultaneous consideration both downrange and crossrange
requirements in three-dimensional � ight. Roenneke, on the other
hand, looks for ways to obtain optimal drag pro� les quickly, based
on the downrange requirement for onboard implementation.7 Once
the reference drag pro� le is generated, the rest of the steps would
be similar to shuttle entry guidance. Girerd and Barton develop an
approach to determine onboard the subsonic drop test trajectories
for the X-34 experimental vehicle.8 The algorithm simultaneously
designs an altitude-vs-range pro� le and a ground track using ge-
ometric segments and a trajectory selection criterion based on the
rate of the dynamic pressure.

An entry guidance system that can autonomouslydesign the ref-
erence trajectory would give rise to several bene� ts unmatched by
the current system. It would allow autonomous aborts of the RLV
from any recoverable entry condition resulting from aborts during
ascent or abnormality during entry. In the event of in-orbit contin-
gency, the CRV/CTV may initiate entry at moment’s notice to land
at the � rst available landing site without having to wait for the guid-
ance updates from the ground.Should a system failure occur during
normal entry � ight that necessitates landing at an alternate site, the
guidancesystemwould be able to determinewhere to go and to gen-
erate all of the required guidance commands. This entry guidance
system would also requiresigni� cantly less premissionanalysisand
planning for different missions and, thus, reduce dramatically the
reoccurring operational costs associated with entry guidance.

Under the current NASA Space Launch Initiative program, au-
tonomous adaptiveentry guidancemethods are being closely exam-
ined. An ideal algorithm for planning the entry trajectory onboard
should have a number of key ingredients: guaranteed satisfaction
of all of the inequality constraints, reliability, ef� ciency, � yability
of the trajectory, and accuracy in meeting all of the speci� ed ter-
minal conditions. To be effective in the downrange as well as the
crossrangechannel, and applicable to different vehicles in different
mission scenarioswith different requirements, the algorithmshould
consider both longitudinal and lateral motions in the trajectory de-
sign process, as is done in Refs. 6 and 8. One of the considerations
taken into account in the shuttle entry guidance using drag acceler-
ation as the tracking reference was inaccuracyin geometric altitude
data from the inertial navigation system. With the availability of
more accurate navigation systems such as the global positioning
system, navigation limitations are no longer an obstacle. Hence-
forth, we believe that planning the trajectory directly in the natu-
ral state space of three-degree-of-freedom (3DOF) motion can best
accommodateall of the possible trajectoryconstraintsand targeting
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conditions and ensure the � yabilityof the reference trajectory.Such
a reference trajectory provides the most complete information for
guidance. When this 3DOF reference trajectory is tracked closely,
the actual entry trajectory will meet all of the requirements.

This paperpresentsan approachfor onboardentry trajectorygen-
eration in the aforementioneddirection. The algorithm, however, is
completely new and conceptually different from the ones investi-
gated previously. A chief dif� culty in planning 3DOF entry trajec-
tories onboard is ensuring the strict satisfaction of all of the path
(inequality) trajectory constraints. Even in of� ine trajectory plan-
ning, thecommonlyemployedmethodswill inevitablyrequiremany
iterations. Oftentimes it needs to be “tweaked” by an experienced
engineer for the process to achieve convergence. The centerpiece
in our algorithm for addressing this key issue is the novel use of
a quasi-equilibriumglide condition. With the aid of this condition,
we are able to reduce the in� nite-dimensional problem of meet-
ing the path constraints and establishing the longitudinal trajectory
pro� les into a one-parameter search problem. The lateral trajectory
pro� les are then obtainedby another one-parametersearch problem
in which the point of a bank angle reversal is found. The algorithm
ensures that the trajectory is � yable because the trajectory and con-
trols satisfy the equations of motion with the vehicle aerodynamic
modeling, and the control authorityconstraints in terms of rates and
accelerationsare enforced.A considerablenumberof entrymissions
using the vehicle data of the X-33 and the shuttle are tested with
this algorithm.The algorithm is able to generate a fully constrained
3DOF � yable trajectory within 2–3 s on a desktop computer in all
cases. The effectiveness and performance of the combined entry
guidance of the trajectory generation algorithm and the trajectory
trackingare demonstratedwith high-� delity dispersionsimulations.

II. Fundamentals
A. Entry Dynamics

The 3DOF point-mass dynamics of the RLV over a spherical
rotating Earth are described by following dimensionless equations
of motion9:

Pr D V sin ° (1)

Pµ D V cos ° sin Ã=r cos Á (2)

PÁ D V cos° cosÃ=r (3)

PV D ¡D ¡ .sin ° =r 2/ C Ä2r cos Á.sin ° cosÁ

¡ cos ° sin Á cos Ã/ (4)

P° D .1=V /[L cos ¾ C .V 2 ¡ 1=r /.cos ° =r/ C 2ÄV cosÁ sin Ã

C Ä2r cos Á.cos ° cos Á ¡ sin ° cos Ã sin Á/] (5)

PÃ D .1=V /[L sin ¾= cos ° C .V 2=r/ cos° sin Ã tan Á

¡ 2ÄV .tan° cosÃ cosÁ ¡ sin Á/

C .Ä2= cos ° / sinÃ sin Á cos Á] (6)

where r is the radial distance from the centerof the Earth to the RLV,
normalized by the radius of the Earth R0 D 6378 km. The longitude
and latitude are µ and Á, respectively.The Earth-relativevelocity V
is normalized by Vc D

p
.g0 R0/ with g0 D 9:81 m/s2 . The terms D

and L are the aerodynamic drag and lift accelerations in g, that
is, D D ½.Vc V /2 SrefCD=.2mg0/ and L D ½.VcV /2SrefCL =.2mg0/,
where½ is theatmosphericdensity,Sref the referenceareaof theRLV,
and m the mass of the RLV. Note that D and L are also functionsof
®, the angleof attack, throughthe dependenceof the drag and lift co-
ef� cientsCD andCL on ®. The � ight-pathangleof the Earth-relative
velocity is ° and ¾ the bank angle. The velocity azimuth angle Ã
is measured from the North in a clockwise direction. The differen-
tiation is with respect to the dimensionless time ¿ D t=

p
.R0=g0/.

Finally, Ä is the Earth self-rotation rate normalized by
p

.g0=R0/.
Note that the effects of the Earth self-rotationon V and ° dynamics
are not small compared to other terms at the entry of the atmosphere
and, thus, should not be ignored in 3DOF entry trajectory planning
as is usually done in trajectory tracking law design.

B. Entry Trajectory Constraints
Typical inequality entry trajectory constraints include

PQ · PQmax (7)

jL cos ® C D sin ®j · nzmax (8)

q · qmax (9)

.1=r ¡ V 2/.1=r / ¡ L cos¾EQ · 0 (10)

where Eq. (7) is a constraint on the heating rate at a speci� ed point
on the surface of the RLV, with PQ D k

p
½V 3:15 for a constantk. Usu-

ally, there will be a number of such heat rate constraints imposed on
strategic points on the RLV. Although, for simplicity, only one heat
rate constraintis used in this paper, the methodologyhas no inherent
dif� culty in handling multiple heat rate constraints.As we shall see
later, the constraint (7) only needs to be replaced by the envelope
of all of the heat rate constraints in the presence of multiple heat
rate constraints. Similarly, if the heat rate constraints are replaced
by body temperature limits, such as the case for the shuttle,1 the en-
velope of all of the temperature limits in the velocity–altitude space
is all that is needed. The constraint Eq. (8) is on the aerodynamic
load (in gravity g) in the body-normal direction. Depending on the
vehicle con� guration and mission, this constraint may be replaced
by the total load constraint:

p
L2 C D2 · nmax (11)

Constraint Eq. (9) is on the dynamic pressure with q D ½.Vc V /2=2.
The parameters PQmax, nzmax .nmax/, and qmax are vehicle-dependent
constants. These constraints are “hard” constraints, meaning that
they should be enforcedstrictly.When held in equality, the last con-
straint Eq. (10) is called the equilibrium glide condition (EGC) at
¾ D ¾EQ , where ¾EQ is a speci� ed constant.The EGC is obtained by
omitting the Earth self-rotation terms and setting P° D 0 and ° D 0
in Eq. (5). This constraint serves to reduce the phugoid oscillations
in altitudesalong the entry trajectoryand to preserve the bank angle
margin so that ¾ ¸ ¾EQ during most of the � ight. The latter allows
suf� cient trajectory control to account for dispersions. The con-
straint (10) is a soft constraint in the sense that its observance need
not be absolutely strict, particularly in the � nal portion of the entry
trajectory.

The entry trajectory terminates at some distance from the landing
site where the guidance is handed over to the terminal area energy
management (TAEM) guidance system. At the TAEM interface,
the entry trajectory must have the correct conditions to ensure that
successful TAEM and approach/landing � ight is possible. These
conditions form the terminal conditions for the entry trajectory in
terms of

r f D rTAEM; V f D VTAEM; s f D sTAEM (12)

where s f is the value of range to go stogo , de� ned to be the range
from the RLV to the tangencyof the headingalignmentcone (HAC)
near an end of the runway. The coordinatesof the center of the HAC
are known. The TAEM altitude rTAEM , velocity VTAEM , and range to
HAC sTAEM are all speci� ed for a given RLV. The � ight-path angle
at TAEM, on the other hand, may or may not be required to be at
a � xed value. In addition, the Earth-relative velocity vector at the
TAEM interfaceshould be pointingnearly to the HAC tangency.Let
1Ã f be the difference between the velocity azimuth angle and the
line-of-sightangle from the RLV to the HAC at the TAEM interface.
This condition is then represented by

j1Ã f j · 1ÃTAEM (13)

This condition stipulates that the � nal velocity vector should be
directed at the HAC within a given tolerance 1ÃTAEM . Figure 1
shows the geometry of the entry � ight.

The bank angle magnitude at the TAEM interface oftentimes is
another parameter for which constraintsmay be desired.Too large a
¾ f could result in large transient response for TAEM guidance and
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Fig. 1 Geometry of entry � ight.

control, and even make recovery unachievablefor a less maneuver-
able RLV. Thus, the constraint

j¾ f j · ¾TAEM (14)

for a given ¾TAEM > 0 may also be imposed.

C. Objective and Assumptions
The entry reference trajectory generation problem is de� ned as

follows: Given the entry conditions, the path constraints,and termi-
nal conditions at the TAEM interface as in the preceding section,
� nd the state history of x D fr µ Á V ° ÃgT and the correspond-
ing trajectorycontrolu D f¾ ®gT such that the followingconditions
hold:

1) The state and control pro� les x.t/ and u.t/ satisfy the 3DOF
equations of motion, Eqs. (1–6).

2) All of the required TAEM interface conditions are satis� ed by
x.t f / and u.t f /.

3) The trajectory observes all of the imposed path constraints.
4) The ® pro� le is consistent with the thermal requirements and

vehicle trim capability. Both ¾ and ® pro� les do not exceed the
� ight-control system authority in terms of the maximum magni-
tudes, rates, and accelerationsof ¾ and ®.

A pair [x.t/ u.t/] that meets the preceding conditions is called
a feasible trajectory.The following assumptions establish the scope
of applicability of our method:

1) The entry � ight is lifting entry, that is, L=D 6D 0.
2) All of the trajectory path constraints can be expressed as con-

straints in the velocity–altitude space for a given ® pro� le.
3) For the given entry conditions, path constraints, TAEM con-

ditions, and vehicle capability, there exists a least one feasible
trajectory.

4) A nominal ® vs velocity (or Mach number) pro� le is available,
and limited variations about this nominal pro� le are allowable.

The last assumption is not a necessity for the algorithm, but a
practical condition.An arbitrarily designed ®.t/ pro� le may not be
compatible with the requirements of thermal protection and � ight
trim conditions.Furthermore, a nominal ® pro� le, once determined
for a given vehicle, typically does not change signi� cantly from
mission to mission. The assumption 2 encompasses the common
path constraints considered in entry � ight.

III. Algorithm
A. Outline

For trajectory generation purposes, the algorithm tactically di-
vides the entry trajectory into three phases: 1) initial descent phase,
2) quasi-equilibriumglide phase, and 3) pre-TAEM phase. The tra-
jectory in each phase has its own distinctive characteristics. The
initial descent is a “controlled fall” that takes the RLV from the
entry interface at about 120 km in altitude to an altitude of about
80 km, where the dynamic pressure has reached a suf� cient level
for aerodynamic lift to become in� uential in shaping the trajectory.

The quasi-equilibriumglide phase covers the majority of the entry
trajectory, where all of the path constraints must be observed and
the range achievedmust be correct for the RLV to reach the landing
site. In the pre-TAEM phase, the � ight-path angle, as well as the
altitude, decrease rapidly.The trajectorymust be such that all of the
TAEM conditions are met at the end of this phase.

In the � rst two steps of trajectory planning, the 3DOF trajec-
tory (longitudinal plus lateral) in the initial descent phase and the
longitudinal pro� les of the entry trajectory in the pre-TAEM phase
are found. Next, close estimates of the longitudinal pro� les in the
quasi-equilibriumglidephaseare determined.At thispoint,all of the
path constraints, range requirements, TAEM velocity, altitude, and
� ight-pathangle conditionsare satis� ed by the combined longitudi-
nal pro� les from the three phases. The associated magnitude of the
bank angle is also known. In the � nal step, Eqs. (1–6) are integrated
by use of the bank angle and angle of attack, which are required to
track these longitudinal pro� les. The sign of the bank angle is de-
termined by selecting the appropriatebank reversal point so that the
heading error at the TAEM interface is within tolerance.When this
last step is done, a complete 3DOF entry trajectory satisfying the
dynamic equations and all of the imposed constraints is found.

In the following, the concept of quasi-equilibrium glide condi-
tion and its role in path-constraint enforcement are � rst described.
The details in each of the three phases and the preceding steps are
presented thereafter.

B. Quasi-Equilibrium Glide Condition
At thecore of this algorithmforpath-constraintenforcementis the

useof thequasi-equilibriumglidecondition.It is well knownin entry
� ight mechanics that in a major portion of a lifting entry trajectory,
the � ight-path angle ° is small and varies relatively slowly. Setting
cos ° D 1 and P° D 0 in Eq. (5) and ignoring Earth rotation gives

L cos ¾ C .V 2 ¡ 1=r/.1=r/ D 0 (15)

When ¾ is a constant, this condition is traditionally referred to as
the equilibriumglide condition. In actual � ight, ¾ is not necessarily
a constant. One can interpret this phenomenon from a different per-
spective: for a major portion of the lifting entry � ight, at any point
of the trajectorywhere the pair [r .t/; V .t/] is given, the value of the
bank angle at that point will be close to the correspondingvalue of
¾ .t/ satisfying condition (15). Clearly the value of ¾ from Eq. (15)
is generally different from one point to another along the trajec-
tory. Therefore, we shall call condition (15) the quasi-equilibrium
glide condition (QEGC) to signify that time-varying ¾ is admitted
in Eq. (15). We shall use Eq. (15) as a general integral of the en-
try dynamics from an altitude where suf� cient dynamic pressure
has been built (about 80–85 km) to a cutoff velocity. Below this
cutoff velocity, the � ight-path angle begins to vary rapidly, and the
QEGC is no longer a good representation of the actual motion. A
proper choice of the cutoff velocity will be dependent on the lifting
capability of the vehicle. For example, for the X-33 and X-38 ve-
hicles, which have relatively low hypersonicmaximum L=D ratios
of about 0.8 and 1.0, respectively, we � nd that 1700–2000 m/s is
a reasonable range for the cutoff velocity. On the other hand, for
the space shuttle, which has higher L=D value, the QEGC still re-
mains suf� ciently accurate even at the TAEM interface. Thus, for
shuttle-typevehicles, it is possible to use only the initial descentand
quasi-equilibriumglide phases.To be applicable to different classes
of RLVs, however, the algorithm retains the pre-TAEM phase for
all vehicles. The cutoff velocity for QEGC can be set by the user if
the user so wishes.

The QEGC provides a simple yet effective means to shape the
altitude vs velocity pro� le by choosing bank angle ¾ . For a given
value of V at a point on the trajectory, if a value of ¾ is selected, the
altitude at this point satis� es the QEGC with suf� cient accuracy. If
¾ is selected between a minimum and a maximum value, the corre-
spondingaltitudewill be between a maximum and a minimum. This
observation and assumption 2 in Sec. II.C lead to an ef� cient way
to enforce the path constraints: Select ¾ between proper velocity-
dependent upper and lower bounds. The corresponding altitude vs
velocitypro� le would then satisfyall of thepath constraints.The ad-
missible region speci� ed by the path constraints(7–10) is called the
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a)

b)

Fig. 2 Entry � ight a) corridor boundaries and b) associated QEGC
bank angle.

entry � ight corridor. The upper boundary of the this corridor in the
velocity–altitude space is given by the boundary of the equilibrium
glide constraint(10).To enforce the constraintEq. (10),one obvious
bound for ¾ should be ¾min D ¾EQ . Let the lower boundary of the
entry � ight corridor be representedby l.r; V /, where l.r; V / clearly
is the envelope of the boundaries of constraints (7–9). For a given
V , there is a correspondingpoint on l.r; V /, represented by .r; V /.
A value of ¾ at this point can be obtained from the QEGC Eq. (15).
This value, denoted by ¾max.V / because it is velocity-dependent,
will be the upper bound for ¾ at this velocity.

Figure 2 shows a � ight entry corridor and the corresponding¾min

and ¾max using the data for the X-33 vehicle. For any V in the range
where the QEGC is valid, if the bank angle on the trajectory is
limited by

¾EQ.V / · ¾ .V / · ¾max.V / (16)

then the correspondingtrajectory will be inside the entry � ight cor-
ridor, thus respecting all of the path constraints. In the preceding
equation, ¾EQ.V / is used to bring out that ¾EQ can be a velocity-
dependent piecewise constant, as it is in some cases. In the case of
multiple heat rate constraints, the envelope l.r; V / will be formed
by the boundariesof all of the heat rate constraints, instead of just a
singleone and constraints(8) and (9). The precedingargumentswill
still be valid. In fact, the same remains true for any other constraints
not included in this paper, as long as they meet assumption 2.

C. Initial Descent
Above 80–85 km in altitude, the QEGC is not valid because the

atmospheric density is too low. The path constraints are not a con-
cern above that altitude for the same reason. Starting at the entry
interface, the RLV needs to descend and enter the entry � ight corri-
dor, where we want the trajectory to transit smoothly onto a QEGC
pro� le. This transition point marks the end of the initial descent
phase. To determine the initial descent trajectory,the nominal® and
a constant bank angle ¾descent are used to integrate the 3DOF equa-
tions of motion (1–6) numerically with the given entry conditions.
The sign of ¾descent is such that the aerodynamic lift contributes to
reduce the magnitude of 1Ã , the heading error to the HAC. For a
given constant, ¾descent Eqs. (1–6) are integrated until the following
condition is satis� ed:

­­­­
dr

dV
¡

³
dr

dV

´

QEGC

­­­­< ±0 (17)

where ±0 > 0 is a small preselected value and, from Eqs. (1) and (4)
with Ä ignored,

dr

dV
D

V sin °

¡D ¡ sin ° =r 2
(18)

Fig. 3 Composition of entry trajectory.

The quantity .dr=dV /QEGC is the slope of the QEGC at the current
point .r V /. It can be obtained by differentiating the QEGC once
with respect to V . Once the condition (17) is met, the slopes of
the initial descent trajectory and the intersecting quasi-equilibrium
glide pro� le in the velocity–altitudespace closelymatch. A possible
transition onto the QEGC is found at this point. Let ¾0 be the cor-
responding value of bank angle calculated from the QEGC at this
point.The choice of ¾descent is made as follows:When startedat zero,
the magnitude of ¾descent is increased by a � xed increment repeat-
edly. For each ¾descent , the differenceof j¾descent ¡ ¾0j is recordedand
compared to the last one. Note that ¾0 also varies as ¾descent changes.
This difference is initially decreasing as j¾descentj is increased and
then starts to increase.The last value of ¾descent before the preceding
differencebegins to increaseis selectedas the magnitudeof the bank
angle for the initial descent. Such a choice of ¾descent minimizes the
dynamic transient at the QEGC transition point.

The integrated 3DOF state history x, ¾descent , and ® are all stored
as a part of the � nal reference trajectory.The range-to-HAC history
stogo for this phase is also calculated from µ and Á and stored for
later use.

Figure 3 gives the entry trajectory in the velocity–altitude space,
includingthe initial descentwith the transitiononto the QEGC, plus
the other two phasesof the trajectoryto bedescribedin the following
sections.

D. Quasi-Equilibrium Glide Phase
The algorithmwill actuallycomplete the pre-TAEM phasebefore

handling the quasi-equilibrium glide (QEG) phase. However, the
QEG phase is discussed � rst to follow the progressionof trajectory
phases shown in Fig. 3. In this phase, the QEGC is valid, and the
primary objectives in trajectory planning are to ensure observance
of the path constraints and satisfaction of range requirements. The
initial conditions for this phase are those at the QEGC transition
point found in the initial descent. The end conditions for the QEG
phase in altitude and velocity, represented by r1 and V1, are also
determined from the pre-TAEM phase, as will be described in the
next section.From the QEGC Eq. (15), the magnitudeof bank angle
at this point, denoted by ¾1 , can be found. The range traveled in
the pre-TAEM phase is another output from the pre-TAEM phase
algorithm. Given this and the known range coverage in the initial
descentphase, the required range-to-goin the QEG phase is de� ned,
which should make up for the total range-to-gofrom entry interface
to the HAC. The differential equation for the range-to-go stogo is

Pstogo D ¡.V cos ° cos 1Ã/=r (19)

where 1Ã again is the offset angle between the velocity azimuth
and the angleof the line of sight to the HAC point,as shown in Fig. 1.
By dividing the PV equation with Pstogo and ignoring Earth rotation,
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we get the differential equation for V with stogo as the independent
variable:

dV

dstogo
D

¡1

cos ° cos 1Ã

r

V

³
¡D ¡ sin °

r 2

´
(20)

Note that the independentvariable stogo is decreasing.The usual ap-
proximation is that cos 1Ã ¼ 1, that is, the trajectory is assumed to
lie nearly inside a great circle plane containing the HAC. We � nd
it bene� cial to retain the effect of cos 1Ã , particularly for missions
with large crossranges. Let 1Ã0 be the known value of 1Ã at the
beginning of the QEG phase, already obtained from the end condi-
tions of the initial descent phase. Let 1Ã1 be the estimate of 1Ã
at the end of the QEG phase, which is obtained in the pre-TAEM
phase (cf., the discussion at the end of Sec. III.D). Then the history
of 1Ã is approximated by

1Ã.V / D 1Ã0 C [.V ¡ V0/=.V1 ¡ V0/].1Ã1 ¡ 1Ã0/ (21)

where V0 is the value of velocity at the beginningof the QEG phase.
Because ° ¼ 0 when the QEGC is valid, Eq. (20) can be further
simpli� ed:

dV

dstogo
D

r D

V cos1Ã.V /
(22)

Replacing D with L.CD=CL / and substituting L from the QEGC,
we get

dV

dstogo

D
³

1
r

¡ V 2

´
.CD=CL /

V cos 1Ã.V / cos ¾
(23)

Note that r ¼ 1 in dimensionlessform. The most in� uential factor in
the preceding equation is cos ¾ in the QEG phase. If ¾ is scheduled
as a function of V , r can be found from the QEGC for each V .
The angle of attack ® is known for a given V (assumption 4 in
Sec. II.C), as are CL and CD from the aerodynamic model. Hence,
the right-hand side of Eq. (23) is completely determined. Thus, for
any such pro� le ¾ .V /, Eq. (23) can be numerically integrated in
the already determined interval of range-to-go to obtain V .stogo/ as
well as r.stogo/.

Now, the ¾ [V .stogo/] pro� le must be found to 1) observe the path
constraintsand 2) satisfy the altitude and velocity conditionsr1 and
V1 at the end of the QEG phase. Note that the value of ¾ .V / at
the beginning the QEG phase, denoted by ¾0 , is alreadydetermined
from the QEG transition point. Also, the end value of ¾ .V / should
be ¾1 from the QEGC. At a midpoint of the QEG phase, de� ne
a to-be-determined value ¾mid. Then, the triplet f¾0 ¾mid ¾1g can
be used to de� ne a two-segment piecewise linear pro� le ¾ .V /. To
observe the path constraints,¾ will be limited by condition (16):

¾ D

8
<

:

¾EQ.V /; if ¾ .V / < ¾EQ.V /

¾ .V /; if ¾EQ.V / · ¾.V / · ¾max.V /

¾max.V /; if ¾ .V / > ¾max.V / (24)

Figure 4 shows the preceding process with a case where ¾ is lim-
ited in part by ¾max.V /. The resulting ¾ pro� le will ensure that no
path constraints are violated. In the portion of the trajectory where
¾ D ¾max.V /, the trajectory will ride on the boundariesof the entry
� ight corridor, as depicted in Fig. 5.

The value of ¾mid is determined to force the velocity at the end of
the QEG phase,obtainedby integration,equal to V1 . When this con-
dition is met, the end value of r from the QEGC will automatically
be equal to r1 because the end value of ¾ is ¾1, which is obtained
from the QEGC using r1 and V1 . It is evident from Eq. (23) that
the lager the magnitude of ¾ is, the faster the velocity will decrease
[noting that .1=r ¡ V 2/ > 0 and stogo is decreasing],and vice versa.
This observationsuggests that the end velocity in the QEG phase is
a strong monotonic function of ¾mid . The secant method is perhaps
the simplest yet very effective way to search for ¾mid ,

¾
.i C 1/

mid D ¾
.i/
mid ¡

¾
.i/
mid ¡ ¾

.i ¡ 1/

mid

V .i /
QEG1 ¡ V .i ¡ 1/

QEG1

¡
V .i/

QEG1 ¡ V1

¢
(25)

Fig. 4 Possible bank angle pro� le in the QEG phase.

Fig. 5 Trajectory in velocity-altitude space in QEG phase.

where V .i /
QEG1 is the end velocity in the QEG phase when ¾

.i/
mid is

used for ¾mid. Note that each evaluationof V .i /
QEG1 involvesnumerical

integration of Eq. (23). This iteration is highly convergent due to
the monotonic functional dependence of VQEG1 on ¾mid .

Finally, the � ight-path angle pro� le ° in the QEG phase is ob-
tainedbynumericaldifferentiationalongtheQEG pro� le andstored.
At each stogo , we have

° .stogo/ D tan¡1

µ
r.stogo ¡ ±stogo/ ¡ r.stogo/

±stogo

¶
(26)

where ±stogo is the range-to-go step size used in the integration.
Thus, the longitudinal pro� les of the trajectory in the QEG phase,
r , V , ° , stogo , and ¾ (and ® as given), are obtained and stored.

E. Pre-TAEM Phase
A preselected velocity V1 marks the beginning of the pre-TAEM

phase (also the end of the QEG phase). In this phase, the � ight-path
angle begins to decrease rapidly. The QEGC is no longer a close
approximationto the RLV trajectory.If the trajectoryplanningin the
preceding section extends to this phase, the obtained state pro� les
may not be quite � yable. To avoid iterationsand enhance reliability,
the algorithmuses a geometric altitudevs velocity curve as an “esti-
mated” trajectory in this phase. Then the actual trajectorysatisfying
the 3DOF dynamicequationsis obtainedby numericallyintegrating
equations of motion backward from the TAEM interface to a pre-
TAEM point with the bank angle required to track the geometric
altitude–velocity curve. Speci� cally, a fourth-order polynomial

rd D a4V 4 C a3V 3 C a2V 2 C a1V C a0 (27)
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is used to de� ne the estimated history for the altitude as a function
of the velocity. To determine the � ve coef� cients ai , a value of r1 is
chosen to be the altitudeat V1 , the cutoffvelocityfor the QEG phase.
The choice of r1 may be the middle point of the entry � ight corridor
at V D V1 . The point .V1; r1/ will be the endpointof the QEG phase.
Thus, the slope of .dr=dV / at this point is speci� ed by the QEGC.
At the other end, the TAEM interface altitude and velocity are pre-
scribed in Eq. (12). Two other parameters are chosen at the TAEM
interface: the � ight-path angle ° f , if not already speci� ed by the
mission requirements, and the TAEM bank angle ¾ f . The choice
of ° f where ° f < 0 can be made in a range and is not critical to
the algorithm.Any choice of ¾ f that satis� es Eq. (14) is acceptable.
With r f and V f , ° f , and ¾ f speci� ed, the slope dr=dV and curvature
dr 2=d2V are well de� ned at the TAEM interface because

dr 2

d2V
D Gr cos ¾ C Hr (28)

where

Gr D
L
PV 2

cos°

³
1 C sin °

r 2 PV

´
(29)

Hr D sin °

PV
C

DV Pr
PV 2

¡ 2Pr 2 sin °

r 3 PV 3

C 1

r PV 2
cos ° 2

³
1 C sin °

r 2 PV

´³
V 2 ¡ 1

r

´
(30)

In the preceding equation, DV D @ D=@V . The value of d2r=dV 2

based on the choice of ¾ f ensures that the geometric curve (27)
is � yable at least near the TAEM interface. By now we already
have � ve known conditions [three at V f for r D r f , .dr=dV / f , and
.dr 2=d2V / f and two at V1 for r D r1 and .dr=dV /1]. The coef� cients
in Eq. (27) can be uniquely determined.

The ¾ pro� le needed to � y trajectory (27) is found by actually
tracking the curve rd.V /. A linear time-varying feedback control
law with the gains determined by a linear quadratic regulator ap-
proach is used for this purpose. Further descriptionon the merits of
such a control law will be given in the next section. The reference
bankangleneededfor the linearizationis obtainedby differentiating
Eq. (27) twice and using the equations of motion.

The actual state trajectory is then generated by integrating the
3DOF Eqs. (1–6) backward from the TAEM interface with ¾ found
by trackingEq. (27). Some of the initial conditionsfor the backward
integration are already speci� ed, such as r f D rTAEM , V f D VTAEM ,
and° f . The missing initialconditionsfor µ , Á, and Ã aredetermined
as follows: Along the line of sight (LOS) of the great circle from the
entry point to the HAC, determinethe point where the range to HAC
is equal to the required value given in Eq. (12). The coordinates (µ
and Á) at this point are used as the initial conditions for µ and Á
in the backward integration; the initial value of Ã is taken to be
the LOS azimuth angle at this point so that 1Ã f D 0 at the TAEM
interface.These approximationsdo not appear to cause a noticeable
discrepancy in the � nal trajectory when the integrated lateral state
variables in this phase are used to estimate the range-to-go history.
This is because in the relatively short distance of the pre-TAEM
phase, the range-to-go variation is nearly independent of the actual
velocity azimuth and the coordinates of the beginning of the pre-
TAEM phase. As long as 1Ã D 0, the range to HAC is the same at
the end of this phase (as in the case of planar motion).

There are no iterations involved in this phase. The backward inte-
gration is terminated at V D V1 . The longitudinalstate pro� les r , V ,
° , stogo, plus ¾ are now obtained and stored. The r vs V history will
be close to the one in Eq. (27). Note that even if the value of r at V1

is not exactlyr1 as stipulatedby Eq. (27),we can simply redesignate
the actual value of r at this point as r1 (recall that r1 was arbitrarily
chosen). The newly designated point .V1; r1/ will be the endpoint
of the QEG phase. The TAEM conditions on r f , V f , ° f , and ¾ f ,
however, are always met because these are the initial conditions for
the backward integration. The longitudinal pro� les are all � yable
because they satisfy the equations of motion. Another outcome of
the backward integration is the value of 1Ã1 at the beginning of
the pre-TAEM phase. This value is largely determined by the bank

angle required to track the geometric curve (27), again practically
invariant regardless of the actual direction of the trajectory when
the vehicle enters the pre-TAEM phase. This value of 1Ã1 is used
in the QEG phase for approximatingthe pro� le 1Ã.V / in Eq. (21).

F. Search for Bank Angle Reversal Point: Completion
of the 3DOF Trajectory

After theprecedingthreepartsof thealgorithmare completed, the
longitudinal pro� les are obtained for the entire entry trajectory, but
not the correct lateral pro� les (except for the initial descent phase
where the full 3DOF trajectory is already established).We schedule
the longitudinalpro� les with respect to the range-to-go,represented
by r¤.stogo/, V ¤.stogo/, and ° ¤.stogo/. Similarly, the magnitude of
the associated j¾ ¤.stogo/j and ®¤.stogo/ are known too. The entire
3DOF trajectory is completed by integrating Eqs. (1–6) from the
QEG transitionpoint to the TAEM interfacewith j¾ j and ® required
to track r ¤.stogo/ and V ¤.stogo/. Note that, by the way in which
r ¤.stogo/ and V ¤.stogo/ are obtained, all of the path constraints (7–
10), and the TAEM conditions (12) and (14) will be satis� ed if
r ¤.stogo/ and V ¤.stogo/ are tracked closely. Because the sign of ¾
does not impact the longitudinal dynamics [Eqs. (1), (4), and (5)],
it does not affect the tracking of r¤.stogo/ and V ¤.stogo/. However,
the vehicle heading angle Ã is dependenton the sign of ¾ . The sign
of ¾ is determined by the bank angle reversal logic, to be described
later in this section, so that the heading error to HAC at the TAEM
interface is within the speci� ed range as required in Eq. (13).

The tracking control laws used are linear time-varying feedback
control laws

±u D ¡K .stogo/±xlon (31)

where ±u D .±¾ ±®/T and ±xlon D .r V ° /T ¡ .r ¤ V ¤ ° ¤/T . The
gain K is obtained of� ine with the linear quadratic regulator (LQR)
approach at different points along a nominal trajectory and sched-
uled onlinewith respect to range-to-go.Dukeman has demonstrated
very good performanceof such an LQR tracker.10 More importantly
for our applications,he shows that for tracking the longitudinalpro-
� les, the LQR gains need not be recomputed for different refer-
ence entry trajectories for the same vehicle. This means that one
set of gains will work well for the same vehicle for different refer-
ence trajectoriesand, thus, will be applicable for onboard trajectory
generation.

The magnitudes of ¾ and ® required by the vehicle dynamics to
� y the obtained longitudinal pro� les are then given by

j¾ j D j¾ ¤ C ±¾ j (32)

® D ®¤ C ±® (33)

Note that the magnitude of ±u, although usually small, will not be
zero because in the QEG portion the references x¤

lon and ¾ ¤ are
obtained using the QEGC, an approximation to the longitudinal
dynamics in a strict sense.

The sign of the initial bank angle is chosen to help reduce the
heading error to HAC 1Ã , beginning from ¾descent in the initial de-
scent. The sign of the bank angle is reversed at a range srev to the
HAC. The appropriate srev is sought so that when the RLV reaches
the prescribed distance sTAEM to the HAC, the magnitude of 1Ã is
within the tolerance speci� ed in Eq. (13). This search is performed
iteratively.A metric of “miss distance,”denotedby sg , is established
for measuring how close a trajectory is to the correct heading con-
dition at the TAEM interface. Figure 6 demonstrates the geometry
and de� nition of sg . The circle centered at the HAC has the radius
of sTAEM and represents the TAEM interface. In case 1, the bank
reversal takes place too late. When the RLV reaches the interface,
the “projectedcrossingpoint” is de� ned by extendinga straight line
along the velocity azimuth to intersect with the LOS from the bank
reversal point to the HAC. The value sg > 0 is the distance between
the HAC and the projected crossing point. In case 2, the bank re-
versal happens too early. The trajectory crosses the LOS from the
bank reversal point to the HAC before reaching the TAEM inter-
face. In this case, sg < 0 is (the negative of) the distance between
the crossingpoint and the HAC. Clearly, the desiredvalue is sg D 0,
which is the case when the RLV is at the TAEM interface with the
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Fig. 6 Geometry for determining bank reversal point.

heading angle pointing directly to the HAC. The metric sg is obvi-
ously monotonic, at least in a range, with respect to the parameter
srev. The secant method proves again to be effective in � nding the
correct srev,

s.i C 1/
rev D s.i/

rev ¡
£
s.i/

g

¯¡
s.i/

g ¡ s.i ¡ 1/
g

¢¤¡
s.i/

rev ¡ s.i ¡ 1/
rev

¢
(34)

For each s.i /
rev, the sign of ¾ is determinedby the bank reversal logic.

The system equations (1–6) are numerically integrated until the
TAEM interface is reached (case 1 in Fig. 6), or at a point when the
ground track is no longer moving toward the HAC before reaching
the TAEM interface (case 2 in Fig. 6). The value of s.i/

g is calculated
for updating the next s.i C 1/

rev if necessary. Note that by tracking the
longitudinal pro� les with range-to-go as the independent variable,
the range and other TAEM conditions remain to be satis� ed in the
process.

The preceding iteration requires two starting guesses, s.0/
rev and

s.1/
rev . In Ref. 11 a scheme is developed to generate educated guesses

for s.0/
rev and s.1/

rev based on the information already obtained in the
pre-TAEM phase planning.With such a scheme, the process is com-
pletely automated,with no need for user suppliedguesses.Once this
last iteration process converges, a complete feasible 3DOF trajec-
tory in the state spaceis generatedand ready to serve as the reference
of the entry � ight.

In most cases a single bank reversal suf� ces. If more than one
bank reversal is desired for the purposeof shaping the ground track,
the algorithmallows more bank reversalsbased on the headingerror
1Ã . Just like the shuttle,whenever j1Ã j exceedsa preset threshold
value 1Ã , the sign of ¾ is reversed.The last bank reversal,however,
will always be determined by the aforementioned algorithm at an
srev. There would be just a single bank reversal along the 3DOF
trajectory found by the algorithm if 1Ã is set to be very large (so
that the thresholdvaluewould neverbe surpassed).Otherwise,more
than one bank reversal may be present along the trajectory.

It is in the process described in this section that the control
authority constraints in terms of maximum magnitude, rate, and
acceleration limits in ¾ and ® may be enforced.

As a summary of the various parts of the algorithm, Fig. 7 is a
� owchart that captures the main blocks of the algorithm.

Once the reference trajectory is generated, the entry guidance
commands will be determined by feedback control laws that
track the reference trajectory. To be compatible with the onboard
trajectory-planning capability, the control law should not require
any of� ine gains generation and tuning for tracking 3DOF (lon-
gitudinal and lateral) reference pro� les. Likewise, it should ensure
closed-loopstabilityfor any possibletrajectories.A control law with

Fig. 7 Flowchart of the algorithm.

thesecharacteristicsis the lineartime-varyingreceding-horizoncon-
trol law recently developed.12 Its application in entry guidance has
already been demonstrated.13

IV. Testing
The test cases presented in this paper use the models of the X-33

vehicle and the shuttle. More tests for the X-33 and test cases using
the X-38 CRV vehicle and mission data can be found in Ref. 11.
Apart from being considerablysmaller, the X-33 model representsa
vehicle that has 40% lower hypersoniclift-to-drag ratio than that of
the shuttle. Successful applicationsof the proposed trajectory plan-
ning algorithm to these two very different vehicles should provide
evidence of strong cross-cutting applicability of the algorithm. In
the following simulations, the 3DOF reference trajectory is gener-
ated only once at the beginning of the entry � ight. However, the
algorithm can certainly be used repeatedly during the entry � ight if
necessary. The possible reasons for such a need include signi� cant
off-nominal dispersions, system or control effector failure, or abort
to an alternate landing site. In these scenarios the algorithm would
generate a new reference trajectory onboard based on the current
conditions and vehicle health information, which would provide
great adaptive capability to the entry guidance system.

A. X-33 Vehicle and Missions
The X-33 is a half-scale technology demonstrator for a single-

stage RLV. The vehiclehas a lifting-bodycon� guration.The vehicle
dry weight is about 38,000 kg. Although the X-33 was a suborbital
vehicle, mission scenarios for entry from different orbits have been
set up at NASA Marshall Space Flight Center (MSFC) for testing
advancedguidanceand control algorithms.14 All of the orbital entry
missions land at the NASA Kennedy Space Center (KSC). In all
of the tests presented here, the X-33 vehicle model and the runway
coordinates of the shuttle landing facility at KSC are used. The
nine missions developedat MSFC are labeledAGC13–AGC21. The
tests performed here are based on these mission speci� cations with
some slightmodi� cationsforuniformity.In particular,the following
nominal ® pro� le is used for all nine missions:

® D
»

45 deg if Mach ¸ 10

45 ¡ 0:612 .Mach ¡10/2 deg if 2:5 · Mach < 10

(35)

In addition,the followingTAEM conditionsare imposed for all nine
missions:

1) The TAEM altitude is 30.48 km (100,000 ft).
2) The range to HAC at TAEM interface is 55.56 km (30 n mile).
3) The TAEM velocity is 908.15 m/s (2979.5 ft/s).
4) The TAEM magnitude of the heading error with respect to the

HAC is less than 5 deg.
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Table 1 X-33 entry missions

Inclination, Downrange, Crossrange, Heat rate
Case deg km km limit, W/m2

AGC13 51.6 6519 59 794,425
AGC14 51.6 6554 809 794,425
AGC15 51.6 6589 ¡848 794,425
AGC16 51.6 8160 148 680,935
AGC17 51.6 8715 883 680,935
AGC18 51.6 8197 ¡778 680,935
AGC19 28.5 7360 267 680,935
AGC20 28.5 7382 752 680,935
AGC21 28.5 7625 380 680,935

5) The magnitude of the TAEM bank angle is less than 30 deg.
The vehicle � ight control authority is restricted by the following
limits:

1) The excursions of ® from the nominal pro� le are no greater
than 5 deg.

2) The maximum rates are j P®jmax D 5:0 deg/s and j P¾ jmax D
5:0 deg/s.

3) The maximum accelerations are j R®jmax D 2:0 deg/s2 and
j R¾ jmax D 3:5 deg/s2 .
The path constraints on the entry trajectories are as follows:

1) The peak heat rate constraint is 794,425 W/m2 (70 Btu/ft2 ¢ s)
for AGC13–15 and 680,935 W/m2 (60 Btu/ft2 ¢ s) for AGC16–21.

2) The peak normal acceleration constraint is 2.5g.
3) The peak dynamic pressure constraint is 14,364 N/m2

(300 psf).
No equilibrium glide constraint was speci� ed in the MSFC mis-
sion requirements. However, we did impose an equilibrium glide
constraint of ¾EQ D 10 deg for trajectory shaping purposes.

The nine missions are for entry � ights from the International
Space Station (ISS) orbit at 51.6-deg inclination (AGC13–18) and
fromorbit at 28.5-deginclinations(AGC19–21).These missionsare
further differentiated by low, high left, and high right cross ranges
with a differentset of entryconditionsfor each mission.For the same
orbit, the differencesin entry conditionsresult fromdifferentdeorbit
points in orbit.Table 1 lists the orbital inclination,downrange,cross
range and peak heat rate limit for each mission. Negative values for
cross ranges indicate left cross ranges.

B. X-33 Nominal Entry Flight
The algorithm described in Sec. III was implemented in the pro-

gramming language C. The trajectory simulations were performed
by using a high-� delity simulation software developed at MSFC,
called MAVERIC. The code for the trajectory generationalgorithm
was incorporated into the MAVERIC. The reference 3DOF trajec-
tory for each of the nine missions was generated online and stored
the � rst time when entry guidance was called on. After that, this
reference trajectory was tracked by a linear time-varying feedback
control law.13 This tracking guidance law provided the bank angle
andangle-of-attackcommandsto MAVERIC for3DOF simulations.
The atmospheric propertieswere modeled by the Global Reference
AtmosphericModel (GRAM),15 and GRAM mean winds were also
included in the simulations. No mission-dependentadjustments of
any algorithm parameters or trajectory tracking control law were
made. The only changes were the entry conditions and the peak
heat rate limit.

Figure 8 shows the comparison of the reference and the ac-
tual (MAVERIC-simulated) velocity–altitude pro� les for mission
AGC21. By and large, the reference pro� le was closely tracked.
Figures 9 and 10 give the comparison of reference and actual bank
angle pro� les and reference and actual angle-of-attackpro� les, re-
spectively. The � own (by MAVERIC) pro� les were very close to
the reference ones, con� rming the validity of the algorithm and the
QEG approximation in particular.

Figure 11 shows the bank angle and angle-of-attackhistories for
all nine missions from MAVERIC simulations.The number by each
curve indicates the mission number. The bank angle variations for
AGC15 and 18 are given in a separate plot for clarity. The bank
angle at the entry interface was assumed to be zero for all cases.
It was evident from Fig. 11 that a single bank angle reversal was

Fig. 8 Comparison of reference and actual X-33 trajectories for mis-
sion AGC21.

Fig. 9 Comparison of reference and actual bank angles for mission
AGC21.

suf� cient for all nine missions. Trajectorieswith two bank reversals
are possible,but, for the X-33, the ground tracks would not be much
different from those with one bank reversal (Fig. 12) becauseof the
rather limited turning capabilityof the X33. It can also be seen from
Fig. 11 that the � nal bank angle j¾ f j was smaller than 30 deg in all
cases. The ground tracks for all of the nine missions are plotted in
Fig. 12, which shows the different entry points for the missions.

Figure 13 illustrates the MAVERIC simulated trajectory and the
entry � ight corridor for mission AGC19. This was a highly con-
strained case, notably by the low peak heat rate limit. However, the
algorithmaccuratelyenforced the heat rate constraintby forcing the
reference trajectory to ride on the heat rate boundary for a consid-
erable period, and all was done in about 3 s. The trajectory tracking
control law closely tracked the referenceso that the actualpeak heat
rate along the trajectorywas 676,963W/m2 (59.65 Btu/ft2 ¢ s), com-
pared to the imposed limit of 680,935 W/m2 (60 Btu/ft2 ¢ s). Other
path constraintswere all within their limits. This was typicalof what
this algorithm can do in highly constrained cases.

Table 2 lists the TAEM condition errors for all nine cases. The
simulations by MAVERIC stopped at the speci� ed TAEM velocity;
therefore,novelocityerrorswere givenin Table 2. Note fromTable 2
that all of the TAEM conditions were met very accurately from the
standpointof entryguidance.The maximumaltitudeerror j1r f j was
less than 300 m, the maximum range error j1s f j less than 1.85 km
(1 n mile), and the maximum headingerror j1Ã f j less than 5 deg, as
required.A singlevalueof° f D ¡7:5 deg was used for the trajectory
design in all of the nine cases.

Finally, the computationtimes used for generating the 3DOF ref-
erence trajectory for each mission are provided in Table 3. Two
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Table 2 X-33 TAEM condition errors

Case 1r f , m 1s f , m 1Ã f , deg 1° f , deg

AGC13 92 ¡513 2.6 ¡0.01
AGC14 77 ¡1787 ¡3.4 ¡0.39
AGC15 199 ¡333 ¡4.79 0.13
AGC16 110 ¡156 3.49 ¡0.91
AGC17 177 ¡1085 ¡3.53 ¡0.48
AGC18 282 370 ¡3.55 ¡0.61
AGC19 165 203 2.44 ¡0.79
AGC20 ¡74 ¡339 ¡3.95 ¡0.89
AGC21 131 591 4.25 ¡0.61

Table 3 Computation time

Case PC, s UNIX, s

AGC13 2.77 2.18
AGC14 2.56 2.03
AGC15 2.59 2.05
AGC16 3.95 3.13
AGC17 3.54 2.68
AGC18 3.29 2.58
AGC19 2.55 1.99
AGC20 2.53 1.98
AGC21 2.61 2.05

Fig. 10 Comparison of reference and actual angle of attack pro� les for
mission AGC21.

Fig. 11 X-33 bank angle and angle of attack histories.

Fig. 12 Ground tracks for all 9 X-33 missions.

Fig. 13 Entry trajectory for mission AGC19.

values are given in each case. One is for a desktop computer with a
800-MHz processor,and the other is for a UNIX-based workstation
with a 500-MHzprocessor.Note that no effortwas made to optimize
or streamlinethe code implementingthe algorithmwhen these com-
putation times were measured. Even so, the time that the algorithm
needs for generating a highly constrained 3DOF entry trajectory
with � ight time of 25 min is only about 2–3 s.

C. X-33 Dispersion Simulations
To further evaluate the performance of the entry guidance sys-

tem combining online reference trajectory generation and trajec-
tory tracking with the self-gain-scheduled controller,13 dispersion
studies were done for the preceding missions using Monte Carlo
simulations. The uncertaintiesand modeling errors unknown to the
guidance algorithms include those of the GRAM dispersed atmo-
sphere (winds, atmosphericdensity,etc.), aerodynamiccoef� cients,
navigation data, and mass of the vehicle. These uncertainties were
incorporated in the MAVERIC simulations. The entry conditions
were not dispersed, but the entry guidance algorithm was called af-
ter a 20-s transitionperiod under open-loopguidance from the entry
interface on down. Thus, in effect, the initial conditionspassed into
the entry guidance algorithms were different for each trajectory be-
cause of the in� uence of the aforementioned uncertainties during
the transition period. The trajectory planning algorithm generated
a reference trajectory each time based on the current initial condi-
tions. This reference trajectory was then tracked by the feedback
tracking law, which provided the guidance commands in ¾ and ®.
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The path constraints,TAEM conditions,and control authoritylimits
were the same as in the nominal � ights.

The dispersion simulation results for three missions, AGC13,
AGC18, and AGC20 are presented here. They were chosen to rep-
resent low, high left, and high right cross range requirements, re-
spectively, and for entry from orbits with different inclinations. A
total of 100 trajectories for each mission were simulated.Again, no
case-dependent tuning of parameters or algorithm were made.

Figure 14 shows the scatter in the values of the TAEM altitude
and velocity from the simulations. The dispersions in altitude were

Fig. 14 TAEM altitudes and ranges.

Fig. 15 TAEM bank angles and angles of attack.

Fig. 16 TAEM heading errors and velocity azimuth angles.

less than 1 km. The range-to-HAC dispersions were within 11 km
(6 n mile), which can be accommodated by the TAEM guidance
easily. Figure 15 gives the � nal values of the bank angle and an-
gle of attack. The � nal bank angle was no greater than 20 deg in
magnitude in any case. The � nal angles of attack were all within
§5 deg of the nominal TAEM value of 15 deg. The TAEM head-
ing errors with respect to the HAC and the actual heading (velocity
azimuth) angles are plotted in Fig. 16. Depending on the mission,
the RLV would approach the HAC from a different direction, as
re� ected by the � nal heading angles. However, the entry guidance
system kept the heading errors all below 5 deg. In the tested cases
for the three missions, all trajectories maintained the average peak
heat rates within 11,349 W/m2 (1 Btu/ft2 ¢ s) of their respective lim-
its, with standard deviations about 18,160 W/m2 (1.6 Btu/ft2 ¢ s).
The maximum peak heat rates among the trajectories were about
5% over the respective limits, largely due to atmospheric density
dispersions.

D. Space Shuttle Entry Trajectory Planning
The shuttle vehicle data and mission pro� le were also used in

generating entry trajectory with the current algorithm. Speci� cally,
the following TAEM conditions were imposed:

1) The TAEM altitude is 24.384 km (80,000 ft).
2)The rangeto HAC at the TAEM interfaceis 92.6km (50n mile).
3) The TAEM velocity is 743 m/s.
4) The TAEM magnitude of the heading error with respect to the

HAC is less than 5 deg.
5) The magnitude of the TAEM bank angle is less than 30 deg.

The following trajectory control limits are enforced:
1) The excursionsof ® from the nominalpro� le is no greater than

5 deg.
2) The maximum rates are j P®jmax D 5:0 deg/s and j P¾ jmax D

5:0 deg/s.
3) The maximum accelerations are j R®jmax D 1:0 deg/s2 and

j R¾ jmax D 1:7 deg/s2 .
The imposed trajectory path constraints are as follows:

1) The peak heat rate constraint is 964,659 W/m2 (85 Btu/ft2 ¢ s).
2) The peak total acceleration constraint is 2.5g.
3)The peakdynamicpressureconstraintis 16,375N/m2 (342psf).
4) The equilibrium glide constraint at ¾EQ is 10 deg.

Note that the shuttle uses temperature limits at various body points
instead of peak heat rate for entry trajectory design. We did not
have access to the temperature data to formulate the temperature
boundaryneeded in our algorithm.We did have the data for a shuttle
entry trajectory, which we call shuttle baseline trajectory hereafter.
Based on this trajectorydata,we found that theaforementionedpeak
heat rate constraint appears to address the thermal considerations
adequately.

Only trajectory planning was performed. Closed-loop simula-
tions in tracking the reference trajectory were not done at this time.

Fig. 17 Comparison of entry trajectory by proposed algorithm and a
shuttle baseline trajectory.
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Figure 17 shows the entry � ight corridor, the trajectory generated
by the proposed algorithm, and the shuttle baseline trajectory. To
demonstrate that the algorithm allows multiple bank reversals, the
bank reversal logic based on heading error was turned on with a
threshold limit of 10 deg from entry interface to the range srev,
where the � nal bank reversal was found by the algorithm to null the
heading error at the TAEM interface. This produced a total of two
bank reversals, as seen in Fig. 18. If this feature were not activated,
a single bank reversal would be found, also plotted in Fig. 18. In
contrast, the shuttle baseline trajectory used three bank reversals, as
is evident from Fig. 18. The effects of the number of bank reversals
are clear from Fig. 19 where the ground tracks are depicted. The
ground track of the trajectory with two bank reversals was quite
close to that of the shuttle baseline trajectory, whereas the one with
a single bank reversal approached the landing site at KSC from a
different direction (nearly due west).

The shuttle is a considerablymore capable vehicle than the X-33
in terms of � yability. Although not shown here, the algorithm was
able to generate easily various entry trajectories with arbitrary per-
turbations in the conditions at the entry interface so that the cross
range and downrange changed for up to 1000 km (in either the
plus or minus directions) from the shuttle baseline trajectory.All of
these trajectories, including the ones shown earlier, were completed
within about the same times as those listed in Table 3.

Fig. 18 Comparison of shuttle bank angle pro� les.

Fig. 19 Ground tracks for the shuttle.

V. Conclusions
A methodology for rapid generation of 3DOF constrained lift-

ing entry trajectories is developed. The ultimate goal is to provide
onboard entry trajectory-planning capability. The very high ef� -
ciency of the algorithmalso makes it an ideal tool for entry mission
planning, analysis, and tradeoff studies on the ground. The method
is conceptually different from any of the existing approaches for
entry trajectory planning. The algorithm can generate a complete
� yable 3DOF trajectory subject to stringent path and end-condition
constraints within 2–3 s on a desktop computer. High-� delity sim-
ulations in both nominal � ight and dispersion studies for a number
of mission scenarios using the X-33 model and applications to en-
try trajectory planning with the shuttle model more than adequately
demonstrate the proof of concept of the method. A limitation of the
currentwork liesin suborbitalcasesforvehicleswith lowlift-to-drag
ratios. For those vehicles, if the entry � ight starts at a speed sub-
stantially lower than the orbital speed, the quasi-equilibriumglide
(QEG) conditionmay not be valid even at the beginningof the � ight.
Although a number of componentsof the algorithm will remain ap-
plicable in these cases, modi� cations to the algorithm related the
QEG phase will be needed.
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